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Abstract. Using the notion of Levi form of a smooth distribution, we dis- 
cuss the local and the global problem of existence of one horizontal section of a 
smooth vector bundle endowed with a horizontal distribution. The analysis will 
lead to the formulation of a "one-leaf" analogue of the classical Frobenius inte- 
grability theorem in elementary differential geometry. Several applications of the 
result will be discussed. First, we will give a characterization of symmetric con- 
nections arising as Levi-Civita connections of semi-Riemannian metric tensors. 
Second, we will prove a general version of the classical Cartan-Ambrose-Hicks 
Theorem giving conditions on the existence of an affine map with prescribed 
differential at one point between manifolds endowed with connections. 
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1. Introduction 

The central theme of the paper is the study of conditions for the existence of 
one integral leaf of (non integrable) smooth distributions satisfying a given initial 
condition. The integrability condition given by Frobenius theorem, a very classical 
result in elementary Differential Geometry, guarantees the existence of integral 
leaves with any initial condition. If on one hand such condition is very strong, on 
the other hand the involutivity assumption in Frobenius theorem is very restrictive. 
For instance, the integrability of the horizontal distribution of a coimection in a 
vector bundle is equivalent to the flatness of the connection. 

A measure of non integrability for a smooth distribution X> on a manifold E is 
provided by the so-called Levi form Sp of V; this is a skew-symmetric bilinear 
tensor defined on the distribution, taking values in the quotient TE/V. For x G £" 
and v,w G 2?a;, the value w) is given by the projection on TxE/Vx of the Lie 

bracket [X, Y]^, where X and Y are arbitrary extensions of v and w respectively 
to P-horizontal vector fields. If E C i? is an integral submanifold of V, then 
the Levi form of V vanishes on the points of S. The first central observation that 
is made in this paper is that, conversely, given an immersed submanifold S of £^ 
with S = 'Dx^^ for some xq G i?, if S is ruled (in an appropriate sense) by 
curves tangent to V, and if Sp vanishes along S, then S is an integral submanifold 
of v. In particular, assume that V C TE is a horizontal distribution of a vector 
bundle it : E ^ M over a manifold M, and that S is a local section of tt which 
is obtained by parallel lifting of a family of curves on M issuing from some fixed 
point xq. If the Levi form of V vanishes along S, then S is a parallel section of 
TT (Theorem 2.5); we call this result the (local) single leaf Frobenius theorem. In 
the real analytic case, a higher order version of this result is given in Theorem 2.7; 
roughly speaking, the higher order derivatives of the Levi form Sp are obtained 
from iterated Lie brackets of P-horizontal vector fields. The higher order single- 
leaf Frobenius theorem states that, in the real-analytic case, if at some point xq of 
the manifold E all the iterated brackets of vector fields in V belong to V^q, then 
there exists an integral submanifold of V through xq. 

A global version of the single-leaf Frobenius theorem is discussed in Theo- 
rem 3.1 1; here, the base manifold M has to be assumed simply-connected. As- 
sume that a spray is given on M, for instance, the geodesic spray of some Rie- 
mannian metric. The existence of a global parallel section of tt through a point 
Co with 7r(eo) = G M is guaranteed by the following condition: every piece- 
wise solution 7 : [a, 6] — > M of 5 with 7(a) = xq should admit a parallel lifting 
7 : [a, 6] E such that 7(a) = cq and such that the Levi form of V vanishes at 
the point 7(6). 

We also observe (Proposition 3.12) that in the real analytic case, every local 
parallel section defined on a non empty open subset of a simply connected manifold 
M extends to a global parallel section. 
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A huge number of problems in Analysis and in Geometry can be cast into the 
language of distributions and integral submanifolds. As an application of the the- 
ory developed in this paper, we will consider two problems. First, we will char- 
acterize those symmetric connections that are Levi-Civita connections of some 
semi-Riemannian metric (alternatively, this problem can be studied using holo- 
nomy theory, see [1]). Second, we will prove a very general version of another 
classical result in Differential Geometry, which is the Cartan-Ambrose-Hicks the- 
orem (see [4]). We will prove a necessary and sufficient condition for the existence 
of an affine map between manifolds endowed with arbitrary connections. 

Let us describe briefly these two results. 

Consider the case of a distribution given by the horizontal space of a connec- 
tion V of a vector bundle n : E ^ M. For ^ G i?, set m = 7r(.^) € M and 
Em = vr~^(m); one can identify with TmM, and the quotient T^E/V^ with the 
vertical subspace mEra) = Em- Then, the Levi form il^ : TmM x T^M Em 
is given by the curvature tensor of V, up to a sign (Lemma 4.1). In this case, 
the single leaf Frobenius theorem tells us that a local parallel section of it through 
some point cq £ E exists provided that along each parallel lifting of a family of 
curves issuing from 7r(eo) G M the curvature tensor vanishes (Corollary 4.2). In 
the real analytic case, the existence of a local parallel section through a point ^ E E 
is equivalent to the vanishing of all the covariant derivatives V'^R, k > Q, of the 
curvature tensor R at the point m = 7r(^) (Proposition 4.5). 

Assume that the vector bundle tt : E ^ M is endowed with a connection V, 
and denote by V*^'' the induced connection on E* ® E*. If 51 is a (local) section 
of E* ® E*, then vanishing of the curvature tensor i?*^'' of V*^'' means that the 
bilinear map g[R{v,w)-, •) is anti-symmetric for all v,w (formula (13)). From 
this observation, we get the following result on the existence of parallel metric 
tensor relatively to a given connection V on a manifold M: given a nondegenerate 
(symmetric) bilinear form go on T^qM, assume that the tensor g obtained from 50 
by V-parallel transport along a family of curves issuing from mo is such that R 
is gi-anti-symmetric. Then, g is V-parallel (Proposition 4.6). Similarly, in the real 
analytic case, if V^i? at mo is (70-anti-symmetric for all A; > 0, then g^ extends to a 
semi-Riemannian metric tensor whose Levi-Civita connection is V. These results 
have been used in [3] to obtain characterizations of left-invariant semi-Riemannian 
Levi Civita connections in Lie groups. 

As another application of our theory, in Section 5 we will study the problem 
of existence of an affine (i.e., connection preserving) map / between two affine 
manifolds (M, V^) and (iV, V^), whose value yo S AT at some point G M is 
given and whose differential d/(xo) : T^^^M Ty^^N is prescribed. We prove a 
general version of the classical Cartan-Ambrose-Hicks theorem (Theorem 5.1 for 
the local result. Theorem 5.3 for the global version), giving a necessary and suffi- 
cient condition for the existence of such a map; here, the connections and 
are not assumed to be symmetric, and no assumption is made on the dimension of 
the manifolds M and N, as well as on the linear map d/(xo). The key observa- 
tion here (Lemma 5.6) is that, considering the vector bundle E = Lm{TM, TN) 
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over the product M x N, endowed with a natural connection induced by V 
and (see formula (15)), then a smooth map f : U cM^iVisan affine 
map if and only if the differential df is a local parallel section of E along the 
map U 3 X t-^ (x, /(x)) ^ M x N. When M and N are endowed with semi- 
Riemannian metrics and and are the respective Levi-Civita connections, 
then our result gives a necessary and sufficient condition for the existence of a 
totally geodesic immersion of M in A^. 

The proof of the Cartan-Ambrose-Hicks theorem is obtained as an application 
of the single-leaf Frobenius theorem, once the Levi form of the horizontal distribu- 
tion of the induced connection on E is computed (Lemma 5.14). The higher order 
version of this result (Theorem 5.16) is particularly interesting: in the real analytic 
case, a (local) affine map f : U C M ^ N with f{xo) = yo and d/(xo) = cr 
exists if and only if a relates covariant derivatives of all order of curvature and 
torsion of and at the points xq and yo respectively. 

As a nice corollary of the higher order Cartan-Ambrose-Hicks theorem, we 
get the following curious result (Corollary 5.19): if M is a real-analytic manifold 
endowed with a real-analytic connection V, and let xq G M be fixed; there exists 
an affine symmetry around xq if and only if V^'^^^T^q = and V^'^^'^^^ Rxo = 
for all r > 0. 

A certain effort has been made in order to make the presentation of the material 
self-contained. For this reason, we have found convenient to discuss, together with 
the original material, some auxiliary topics needed for a more complete presenta- 
tion of our results. For instance, in Subsection 3.1, we discuss and give the basic 
properties of the exponential map of a spray (this is needed in our statement of the 
global one-leaf Frobenius theorem). Similarly, in Appendix B we develop the ba- 
sic theory needed for making computations with covariant derivatives, curvatures 
and torsions of connections on vector bundles obtained by functorial constructions; 
this kind of computations is heavily used throughout the paper. Finally, in Appen- 
dix A we discuss a globalization principle in a very general setting of pre-sheafs 
on topological spaces. Such principle is used in the proof of the global versions of 
the single-leaf Frobenius theorem (see for instance the proofs of Theorem 3.11 and 
Proposition 3.12). Typically, the globalization principle is employed in the follow- 
ing manner: given a vector bundle tt : E M, a pre-sheaf *p is defined on M by 
defining, for all open subset U C M, ^{U) to be the set of all sections s : U E 
of TT satisfying some property (for instance, parallel sections). For V C U, and 
s G ^{U), the map ^uy ■ ^(U) ^(V) is given by setting ^uyis) = s|y. 
In this context, the existence of a global section of vr with the required property is 
equivalent to the fact that the set ^(M) should be non empty. The central result 
of Appendix A (Proposition A.8) gives a sufficient condition for this, in terms of 
three properties of pre-sheaves, called localization, uniqueness and extension. 

Dedicatory. The proof of the single-leaf Frobenius theorem discussed here has 
taken inspiration from the proof of the classical Frobenius theorem presented in 
Serge Lang's world famous book [2]. Since the very beginning of their mathe- 
matical careers, both authors have benefited very much from this and from other 
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beautiful books published by Prof. Lang. We want to thank him by dedicating this 
paper to his memory. 

2. The Levi form and the "single leaf Frobenius Theorem" 

Recall that a smooth distribution D on a smooth manifold is a smooth vector 
subbundle of the tangent bundle TE. For x e Ewe set = T^E n V, i.e., is 
the fiber of the vector bundle V over x. A vector field X on is called horizontal 
with respect to a distribution V (or simply V -horizontal) if X takes values in V, 
i.e., if X{x) G for all x £ E. An immersed submanifold S" of is called an 
integral submanifold for V if T^S = V^, for all x £ S. The distribution V is 
called integrable if through every point of E passes an integral submanifold for V. 

2.1. The Levi form of a smooth distribution. 

Definition 2.1. Let Ehe a smooth manifold and let P be a distribution on E. The 
Levi form of I? at a point x G E is the bilinear map: 

defined by S.'^{v,w) = [X,Y]{x) + e T^E/V^, where X and Y are V- 
horizontal smooth vector fields defined in an open neighborhood of x in with 
X{x) = V and Y{x) = w. By [X, Y] we denote the Lie bracket of the vector fields 
XanAY. 

Below we show that the Levi form is well-defined, i.e., [X, Y] (x) + does not 
depend on the choice of the P-horizontal vector fields X and Y with X{x) = v, 
Y{x) = w. Let ^ be a smooth H'^-valued 1-form on an open neighborhood U of 
X such that Kcr(0x) = T^x for all x e ?7. If X and Y are vector fields on an open 
neighborhood of x then Cartan's formula for exterior differentiation gives: 

deix, Y) = x{eiY)) - Y{0ix)) - e{[x, y]) . 

If X and Y are P-horizontal then the equaUty above reduces to: 

de{x,Y) = -e{[x,Y]). 

The formula above impUes that if X', Y' are "D-horizontal vector fields such that 

X'{x) = X{x) and Y'{x) = Y{x) then e{[X,Y] - [X',Y']){x) = 0, i.e., 
[X,Y]{x) - [X',Y']{x) G V^. Hence the Levi form is well-defined. Setting 
X{x) = V and Y{x) = w we obtain the following formula: 

(I) h{S^^{v,w)) = -de{v,w), v,weV,, 

where 6x ■ T^E/Vx —>■ M!' denotes the Unear map induced by 9x in the quotient 
space. 

Remark 2.2. Clearly, by the classical Frobenius Theorem, V is integrable if and 
only if its Levi form is identically zero. Moreover, the Levi form of V vanishes 
along any integral submanifold of V. 
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2.1. Example. Let U be an open subset of = K,'^ x E,"^"'^ and let 

F:U3 {x,y) i — > F^^^y) € Lin(E^E"-'=) 

be a smooth map. We consider the distribution V = Gr(F) on U, i.e., = 
Gr(F(^^j/)), for all € [/. Given X G E^, we define a D-horizontal vector 

field X onU hy setting X^^^ y-^ = (X, F^^. ^^^(X)), for all € J7. Given 

X,yGE'=then: 

[X, y] = (0, 5,F(X, Y) + ayF(F(X), y) - d^F{Y, X) + 9^F(F(y), X)) . 

If we identify T^(x,y) with E^ by the isomorphism (X, F(X)) i-^ X and R^/Pj^. j^-j 
with R"^''' = {O}''' X R"^^ by the isomorphism {v, w) + 'D(^^ y^ w — F{v) then 
the Levi form £^ : R^ x R^ ^ R"^^ is given by: 

(2) £^(x,y) = [x,y]. 

Lemma 2.3. Let E be a smooth manifold, V be a smooth distribution on E and let 

U 3 {t, s) I — > H{t, s)eE 

be a smooth map defined on an open subset U C E^. Let I C M. be an interval 
and let sq &M.be such that I x {sq} C U and -C^^^ = Ofor all t E I. Assume 

that ^{t,s) G V for all {t,s) G U. ^f^(to,so) G T> for some to G I then 
^{t,so) eVforallteL 

Proof The set: 

l' = {tel:^{t,so)eV} 

is obviously closed in / because the map I 3 t ^ ^(*' ■^o) £ TE is continuous 
and D is a closed subset of TE. Since / is connected and to G I' , the proof will 
be complete once we show that /' is open in /. Let ti G /' be fixed. Let 9 be an 
E'^- valued smooth 1-form defined in an open neighborhood V oi H{t\,SQ) \a E 
such that the linear map Ox '■ T-xE E'^ is surjective and ¥^eT{6x) = 'Dx for all 
X eV. Choose a distribution V on V such that T^E = Vx®'D'^ for all x eV. 
Then, for each x E V, 6x restricts to an isomorphism from onto E*^. Let J be 
a connected neighborhood of ti in / such that H{t, sq) G V for all t E J. We will 
show below that the map: 

(3) J3t^eHit,so){^ii,^o))eR'' 

is a solution of a homogeneous linear ODE; since 9H{ti,so) -so)) = 0, it 

will follow that OH{t,so) i^i^, sq)) = for all t G J, i.e., J C 

We denote by ^ and ^ the canonical basis of E^ and we apply Cartan's formula 
for exterior differentiation to the 1-form H*9 obtaining: 

d(^*^)(i>^) = i((^*^)(f)) 
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Since d{H*0) = H*{d9) and [f , = we get: 

-fL=.oK(*,^)(^(*'^)))' t^-^- 

Observe that, since ^it,s) is in V, the last term on the righthand side of (4) 
vanishes. We can write ^{t, sq) = ui{t) + U2(t) with ui{t) G V and U2{t) G V. 
Since the Levi form of V vanishes at points of the form H{t, sq), equation (1) 
implies that d6f^(^f^g^^-^{v,w) = for all v,w ^ '^H(t,sn)- We may thus replace 
^{t,so) by U2{t) in the lefthand side of (4). For i G J we consider the linear 
map L{t) -.EJ' ^e!" defined by: 

L{t)-z = deH(t,so){^{t,So),aHit,so)iz)), z G ]R^ 

where, for x , '-E^ ^T^'x denotes the inverse of the isomorphism 

Observe that: 

Equation (4) can now be rewritten as: 

Hence the map (3) is a solution of a homogeneous linear ODE and we are done. □ 

2.2. Horizontal distributions and horizontal liftings. If E, M are smooth man- 
ifolds and vr : £■ ^ M is a smooth submersion then a smooth distribution V on E 
is called horizontal with respect to vr if 

TxE = Kei{d'Kx)®Vx, 

for all X G E. Given a smooth horizontal distribution V on E then a piecewise 
smooth curve 7 : / ^ £^ is called horizontal if ^'{t) G V for all t for which ^'{t) 
exists. Given a piecewise smooth curve j : I ^ M then a horizontal lifting of 7 is 
a horizontal piecewise smooth curve j : I ^ E such that vr o 7 = 7. 

By standard results of existence and uniqueness of solutions of ODE's it fol- 
lows that given to e I and xq G 7r~^(7(to)) then there exists a unique maximal 
horizontal lifting 7 of 7 with 7 (to) = xq defined in a subinterval of / around to- 

Let A be a smooth manifold. By a K-parametric family of curves ^ on M we 
mean a smooth map i/'iZcHxA— >M defined on an open subset Z of K, x A 
such that the set: 

7a = e K. : (t, A) G C K, 
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is an interval containing the origin, for all A G A. By a local right inverse of we 
mean a locally defined smooth map a : V C M ^ Z such that ijj(^a{m)) = m, 
for all m eV. 

2.2. Example. Let M be a smooth manifold endowed with a connection V. Given 
a point xo G M we set A = M and we define a A-parametric family of curves 

on M by setting ip{t, A) = ex.p^^{t\); the domain Z c E, x A of V' is the set 
of pairs {t, A) such that tX is in the domain of exp^.^ . A local right inverse of ijj 
is defined as follows: let Vq be an open neighborhood of the origin in Tx^M that 
is mapped diffeomorphically by exp^^ onto an open neighborhood V of xq in M. 
We set: 

a(m) = (l,(exp^^ WoY^im)), 

for all m e V. We remark that the same construction holds if one replaces the 
geodesic spray of a connection with an arbitrary spray (see Section 3). 

A local section of a smooth submersion tt : E ^ M is a locally defined smooth 
map s : U C M ^ E such that vr o s = Idu. A local section s is called horizontal 
if the range of ds(m) is for all m eU. 

Lemma 2.4. Let ,si : U —> E, ,S2 ■ U —> E be local smooth horizontal sections of 
E defined in an open connected subset U of M. If s\{x) = S2{x)for some x € U 
then Si = S2. 

Proof. Given y e U, there exists a piecewise smooth curve j : [a,b] —>■ U with 
7(a) = X and 7(6) = y. Then si o 7 and S2 o 7 are both horizontal Uftings of 7 
starting at the same point of E; hence si o 7 = S2 o 7 and si{y) = S2{y). □ 

2.3. Example. Consider the distribution V = Gt{F) onU cW defined in Ex- 
ample 2.1. Then the first projection vri : U M!^ is a submersion and V is 
horizontal with respect to tti. A horizontal section s : H'^ D F ^ K," of tti is a 
map s{x) = (x, f{x)) where f : V ^ IR,""*^ is a solution of the total differential 
equation: 

(5) df{x) = F{x,f{x)), xeV. 

2.3. The single leaf Frobenius theorem. 

Theorem 2.5 (local single leaf Frobenius). Let E, M be smooth manifolds, vr : 
E ^ M be a smooth submersion, V be a smooth horizontal distribution on E and 

tjj: Z(ZM,xA^Mbea A-parametric family of curves on M with a local right 
inverse a : V C M Z. Let tp : Z E be a A-parametric family of curves 
on E such that t 1-^ ip(t, A) is a horizontal lifting of t ^ 'ip{t, A), for all A G A. 
Assume that: 

(a) the Levi form ofV vanishes on the range oftp; 

(b) dxipiO, A) : TxA T^^^ ^-^E takes values in Vfor all A G A. 

Then s = 'ipoa: V^Eisa local horizontal section ofir. 
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Proof. If ]— £, £[3 s ^ \{s) is an arbitrary smooth curve on A then the map 

H{t,s) = ^t,\{s)) 
satisfies the hypotheses of Lemma 2.3 with to = and sq = 0. Thus: 

^(M) = |^(i,A(o))y(o) 

is in V for all t G It follows that dV'(t,A) takes values in T>, for all (t, A) G 
Hence ds(m) = d'ip{s{rn)) o da(m) also takes values in V, for all m eV. □ 

Remark 2.6. We observe that if the map A V'(0, A) is constant then hypothesis 
(b) of Theorem 2.5 is automatically satisfied. Theorem 2.5 is typically used as fol- 
lows: one considers the A-parametric family of curves ip explained in Example 2.2, 
a fixed point cq G 7r~^(a;o) C E and for each A G A one defines t ip{t, A) to be 
the horizontal lifting oft<-^ ijj{t, A) with ^(0, A) = cq. 

2.4. Example. The single leaf Frobenius theorem can be used to prove the exis- 
tence of solutions of the total differential equation (5) satisfying a initial condition 
/(xq) = yo as follows. Let F be a star-shaped open neighborhood of xq in H*^. 
Set A = E,^; we define a A-parametric family of curves ip:ZcM.xA—>-M 
on M = H*^ by setting ^(t, X) = xq + t\, where Z is the set of pairs {t, A) with 
xo + tX e V. A horizontal hfting t i-^ '4){t, A) = {tp{t, A), ^'(t, A)) of the curve 
1 1— s- ijj(^t, A) is a solution of the ODE: 

(6) ^*(*>A) = F^(,_,)(A). 

We choose the solution t<-^'4){t, A) of the ODE (6) with initial condition ^'(O, A) = 
yo. We can assume that V is small enough so that tp is well-defined on Z. Hy- 
pothesis (b) of Theorem 2.5 is then automatically satisfied and hypothesis (a) is 
equivalent to the condition that (2) vanishes on the points of the form ip(t,X), 
{t, A) G Z. Under these circumstances, the thesis of Theorem 2.5 guarantees that 
f : V 3 X ^{l,x — Xq) e H"""*^ is a solution of the total differential equation 
(5) with /(.To) = yo- 

2.4. The higher order single leaf Frobenius theorem. Let D be a smooth distri- 
bution on a smooth manifold E. We denote by r{TE) the set of all smooth vector 
fields on E, by r(X>) the subspace of r{TE) consisting of P-horizontal vector 

fields and by r°°{V) the Lie subalgebra of r(r£') spanned by r{V). The Lie 
algebra r°° (P) can be alternatively described as follows; we define recursively a 
sequence 

r°(P) c r^{v) c r^iv) c ••• 

of subspaces of r(r^) by setting r^(V) = r{V) and r^+^(P) to be the subspace 
of r(r£;) spanned by r''(P) and by the brackets [X,Y], with X G V{V) and 
F G r(P). Then: 

oo 
r=0 
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Given X G T{TE) we denote by adx : T{TE) V{TE) the operator &dx{Y) = 

Theorem 2.7. Let E be a real-analytic manifold endowed with a real-analytic 
distribution P. Given eo E E then there exists an integral submanifold of T> 
passing through eg if and only ifX{eo) G VeQ,for all X G r°°(X>). 

Proof. If there exists an integral submanifold 5" of D passing through eq then it 
follows immediately by induction on r that X{S) C V, for all X G r^{'D) and 
all r > 0. Thus, X{eo) G Deo, for all X G r°°{V). Conversely, assume that 
X{eo) G Peo, for all X G r°°(P). By considering a convenient real-analytic local 
chart around cq we may assume without loss of generality that E = U is an open 
subset of E" = E^' x E""^ and that V is of the form Gr(F) (see Example 2.1). 
Write eo = {xo,yo); we will use the ideas explained in Example 2.4 to find a 
solution / of the total differential equation (5) with /(xq) = yo- Then Gr(/) is the 
required integral submanifold of V passing through cq. Observe that given A G E'^ 
then t H- > ^(t, A) is an integral curve of the constant vector field A in E*^ and thus 
the horizontal lift 1 1-^ A) is an integral curve of the vector field A = (A, -F(A)) 
on E" passing through cq at t = 0. We now let A G E'^, X, F G E*', be fixed and 
we define a map 1 1— > G E"^^ by setting: 

The proof will be completed once we show that (p is identically zero; since (f) is 
real-analytic, it suffices to proof that all derivatives of (/> at t = vanish. Let us 
show by induction on r that for all r > the r-th derivative of (p is given by: 

(7) </.M(t) = (ad^r[X,F] + LM((ad^y[X,y]; i = 0,1, . . . ,r - l) , 

where the righthand side is computed at the point ^(t, A) and L^^^ is a smooth map 
that associates to each {x,y) e U c E" a hnear map: 

r 

From equality (7) the conclusion will follow; namely, for all i, {ad^y[X, Y] is in 
|0}fc X E"-'^ and since {{ad-^y[X ,Y]) G we get ((ad^)^[X, y])^_^ = 0. 

Hence 0('')(O) = 0, for all r > 0. To prove (7) simply differentiate both sides with 
respect to t, observing that: 

^^{ad-J[X,Y] = d((ad^)^[X,y]) . A = {BA-J+'[X,Y] + dX{{ad-J[X,Y]). 

□ 

Remark 2.8. Clearly, the hypotheses of Theorem 2.7 are local, i.e., if U is an open 
neighborhood of eo in E then X{eo) G I^e,, for all X G r°°(P|[/) if and only if 
X{eo) G Ceo for all X G T°°(T>). Replacing E with an open neighborhood of eo, 
we may assume that V admits a global referential Xi, . . . , X^. It is easy to see that 
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r^{'D) is the C°°(£')-module spanned hy Xi, . . ., and by the iterated brackets: 

(8) [Xi^,[Xi^, . . . ,[Xi^,Xi^^^] ■ ■ ■]], ii,...,is = l,...,k, s = l,...,r. 

Thus, in order to check the hypotheses of Theorem 2.7, it suffices to verify if the 
brackets in (8) evaluated at eo are in Ve^, for all s > 1. 

3. The global "single leaf Frobenius Theorem" 

3.1. Sprays on manifolds. Let M be a smooth manifold and let vr : TM M 

the canonical projection of its tangent bundle. Denote by dvr : TTM TM 
the differential of tt; we denote by ft : TTM — > TM the natural projection of 
TTM = T{TM). For each a G K, we denote by ma : TM TM the operator 
of multiplication by a. 

Definition 3.1. A spray on M is a smooth vector field S : TM —>■ TTM on the 
manifold TM satisfying the following two conditions: 

(i) dvr o 5 = 7f o 5; 

(ii) for all a G K,, adrria o S = S o ma, i.e., adma{v)S{v) = S{av), for all 
V e TM. 

Remark 3.2. Notice that property (b) on Definition 3.1 implies that a spray vanishes 
on the zero section of TM. In particular, the integral curves of S passing through 
the zero section are constant. 

Lemma 3.3. Let S : TM — > TTM be a smooth vector field on TM. Then S is a 
spray on M if and only if the following conditions are satisfied: 

(a) for every integral curve X : I ^ TM of S, we have A = 7', where 

7 = TT o A; 

(b) if X = : I TM is an integral curve ofS then 

I3t\ — > ^ 
is an integral curve ofS, for all a G H. 

Definition 3.4. A curve 7 : / — > M is called a (maximal) solution of 5 if 7' : / ^ 
TM is a (maximal) integral curve of the vector field S. 

Obviously for every x G M, v G T^M there exists a unique maximal solution 
7 of 5 with 7(0) = X and 7'(0) = v. 

3.1. Example (geodesic spray). If V is a connection on M then one can define a 
spray 5 on M by taking S{v) to be the unique horizontal vector on T^TM such 
that d7r„(5(f)) = v, for all v G TM. The integral curves of S are the curves 7', 
with 7 : / ^ M a geodesic of V. 

3.2. Example (one-parameter subgroup spray). Let G be a Lie group and denote by 
its Lie algebra. Using left (resp., right) translations, one can identify the tangent 
bundle TG with the product G x g, so that 

T{TG) ^ T{G X 0) ^ {TG) x (Tg) = (G x g) x (5 x 5). 
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The vector field on TG given by S{g, X) = {g, X, X, 0), g € G, X G Q, is a spray 
in G, whose solutions are left (resp., right) translations of one-parameter subgroups 
of G. The spray S is the geodesic spray of the connection whose Christoffel sym- 
bols vanish on a left (resp., right) invariant frame. 

Let (S be a fixed spray on M and denote by 

F : Dom(F) C R x TM — > TM 
its maximal flow. The exponential map associated to S is the map: 

exp(t>) = 7r(F(l,f)) G M, 

defined on the set: 

Dom(cxp) = G TM : {l,v) € Dom(F)}. 

Since Dom(F) is open in E, x TM, Dom(exp) is open in TM; moreover, by 
Remark 3.2 the zero section of TM is contained in Dom(exp). In particular, for 
each X G M, the intersection of Dom(exp) with TxM is an open neighborhood of 
the origin. 

Lemma 3.5. For allt,s eM, v € TM, {t, sv) e R x TM is in Dom(F) if and 
only if{ts, i;) G R x TM is in Dom(F); moreover, F(t, sv) = sF{ts, v). 

CoroUary 3.6. For all s £ R, v e TM, {s,v) G R x TM is in Dom(F) if and 
only ifsv is in Dom(exp); moreover, ir(^F{s, v)) = exp(si'). 

Corollary 3.7. Given x G M, v G T^M then the set {s £ M. : sv £ Dom(exp)} 
is an open interval containing the origin; the map 7(5) = exp{sv) defined on such 
open interval is the maximal solution ofS with 7(0) = x, 7'(0) = v. 

For each x G M let us denote by cxp.^. the restriction of exp to Dom(cxp) n 
T^M. It follows from Corollary 3.7 that the domain of exp^ is a star-shaped open 
neighborhood of the origin in TxM; moreover, dexp3,(0) is the identity map of 
TxM. 

Definition 3.8. A normal neighborhood of a point x G M is an open neighborhood 

V <Z M ofx such that there exists a star-shaped open neighborhood U of the origin 
in TxM such that exp^ |[/ : f/ — > F is a diffeomorphism. An open subset V of M 
is called normal^ if every x G M has a normal neighborhood containing V. 

It follows from the inverse function theorem that every point of M has a normal 
neighborhood. Moreover, we have the following: 

Proposition 3.9. Every point ofM is contained in some normal open subset ofM. 

Proof. Consider the map (j) '■ Dom(exp) C TM — > M x M given by (j){v) = 
( exp{v),7r{v)) . Given x G M and denote by 0^ G TM the origin of T^M. We 
identify Tq^TM with T^M © T^M, where the first summand corresponds to the 
tangent space of the zero section of TM and the second summand corresponds to 



Observe that, according to this definition, a normal open subset of M containing a point x £ M 
is not necessarily a normal neighborhood of x\ 
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the tangent space to the fiber of TM containing Oa;. The differential of 4) at Oa; is 
easily computed as: 

d^Q^{v,'w) = (v + w,v), v,weTxM. 

It follows from the inverse function theorem that 4> carries an open neighborhood 

U of Ox in TM diffeomorphically onto an open neighborhood of (x, x) in M x M. 
We can choose U such that U n TyM is a star-shaped open neighborhood of the 
origin of TyM, for all y G Tr{U). Let V be an open neighborhood of a; in M such 
that V xV C (t>{LA)- We claim that F is a normal open subset of M. Let y G F be 
fixed. Clearly V C iriU), so that U n TyM is a star-shaped open neighborhood of 
the origin of TyM; thus exp(^ n TyM) is a normal neighborhood of y. Moreover, 
given z e V then {z, y) e V x V, so that there exists v E U with (f){v) = {z, y); 
then V eUn TyM and hence z G exp(ZY n TyM). □ 

Definition 3.10. A piecewise solution of a spray <S is a curve 7 : [a, 6] ^ M for 
which there exists a partition a = io < ^i < • • • < ^it = ^ of [a, 6] such that 
^ solution of <S for all i. 

3.2. The global single leaf Frobenius theorem. 

Theorem 3.11 (global single leaf Frobenius). Let E, M be smooth manifolds, 
TT : E ^ M be a smooth submersion and T> be a smooth horizontal distribution 
on E. Let xq G M, cq G 7r~^(xo) d E be given and let S be a fixed spray on M. 
Assume that: 

(a) every piecewise solution 7 : [a, 6] — > M o/<S with 7(a) = xq admits a 
horizontal lifting 7 : [a, 6] — > £^ with 7(a) = eo; 

(b) j/t" : [a, b] E is the horizontal lifting of a piecewise solution 7 : [a, h] — > 
M of S with 7(a) = Co then the Levi form of V vanishes at the point 

"fib) G E; 

(c) M is ( connected and) simply-connected. 

Then there exists a unique global smooth horizontal section s ofE with s{xo) = cq. 

Proof. Uniqueness follows directly from Lemma 2.4. For the existence, we use the 
globalization theory explained in Appendix A. 

Let E' denote the subset of E consisting of the points of the form 7(6), where 
7(a) = eo and ^ : [a,b] ^ E is the horizontal lifting of some piecewise solution 

: [a,b] —>■ M of S with 7(0) = xq. We define a pre-sheaf ?P over M as 
follows: for each open subset U of M, ^(?7) is the set of all smooth horizontal 
sections s : U ^ E with s{U) C E' . Given open subsets U,V d M with 
V C U then ^u,v is given by ^u,v{s) = s\v, for all s G ^(^7). The existence 
of a global smooth horizontal section of E is equivalent to *P(M) 7^ 0. We will 
use Proposition A.8. Using Theorem 2.5 (recall Remark 2.6) we get a smooth 
horizontal section s : U ^ E defined in an open neighborhood U of xq; it is clear 
by the construction of s that s{U) C E'. Thus the pre-sheaf *P is nontrivial. The 
localization property (Definition A.4) for ?p is trivial and the uniqueness property 
(Definition A.6) for *p follows directly from Lemma 2.4. To conclude the proof, we 
show that ^ has the extension property (Definition A.6). We shall prove that every 
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normal open subset of M has the extension property for *p (recall Proposition 3.9). 
Let U be an open normal subset of M, F be a nonempty open connected subset of 
U and s G ^{V) be a smooth horizontal section of E with s{V) C E' . Let xi E V 
be fixed. Since s{xi) G E', there exists a piecewise solution 7 : [a, 6] — > M of <S 
with 7(a) = xq and a horizontal lifting 7 : [a, 6] — *• of 7 with 7(a) = cq and 
7(6) = Let ly be a normal neighborhood of xi containing U and Wq be a 

star-shaped open neighborhood of the origin in Tx^M such that exp^,^ : Wq — * W 
is a diffeomorphism. For each a; G let f G VFq be such that exp^.^ {v) = x; we 
claim that Hx : [0, 1] 9 t 1— >^ e^Pxi {tv) G M has a horizontal lifting fx : [0, 1] 
E starting at s{xi) and that the Levi form of V vanishes along the image of jl. 
Namely, the concatenation 7 • of 7 with is a piecewise solution of S starting at 
xo; by hypothesis (a), 7 • // has a horizontal lifting starting at e^. Such horizontal 
lifting is of the form 7 • fi, where /i is a horizontal lifting of n starting at 
moreover, hypothesis (b) implies that the Levi form of V vanishes along 7 • jl. 
Observe that the image of jl is contained in E' . We can now apply Theorem 2.5 
to obtain a smooth horizontal section s : W ^ E with s{x\) = s{xi). Thus, by 
Lemma 2.4 and the connectedness of V, s\v = s and hence s\u G ^{U) is an 
extension of stoU. □ 

Proposition 3.12. Let E, M be real-analytic manifolds, tt : E ^ M be a real- 
analytic submersion and V be a real-analytic horizontal distribution on E. Assume 
that: 

(a) M is ( connected and) simply-connected; 

(b) given a real analytic curve 7 : / ^ M, to E I and cq G tt"^ (7(^0)) then 
there exists a horizontal lifting ^'.I^Eofj with 7 (to) = ^o- 

Then any local horizontal section s : U ^ E ofir defined on a nonempty connected 
open subset UofM extends to a global horizontal section ofn. In particular, ifV 
satisfies the hypothesis of Theorem 2.7 at some point eo ofE, assumptions (a) and 
(b) imply that tt admits a global horizontal section. 

Proof. We use again the globalization theory explained in Appendix A. We define a 
pre-sheaf *p over M as follows: for each open subset U of M, *p(C/) is the set of all 
smooth horizontal sections s : U ^ E; given open subsets U,V C M with V C U 
then ^u,v is given by ^u,v{s) = s\v, for all s G ^{U). By Proposition A.8 
it suffices to show that ^ has the localization property, the uniqueness property 
and the extension property. The localization property is trivial and the uniqueness 
property follows from Lemma 2.4. As to the extension property, it can be proved 
as follows. Let xq G M be fixed and let (p : U ^ Bo(r) be a real-analytic 
chart defined on an open neighborhood U of xq, taking values in the open ball 
Bo(r) C H" of radius r centered at the origin and (p(xo) = 0. We will show that 
V = ip~^ (Bo(r/3)) is an open neighborhood of xq having the extension property 
for To this aim, let 11^ be a nonempty connected open subset of V and let 
s G ^(VF) be a local horizontal section defined on W. Choose xi G W. Set 
A = Bq (|r) and let V' : ^ C K, x A ^ M be the one-parameter family of curves 
defined by tp{t, A) = ip~^ {fixi) + tX) , where Z is the set of pairs (t, A) G H x A 
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with ip{xi) +t\ £ Bo(r). We define a local right inverse 

a:v5-i(B^(,,)(|r)) ^ZcRx A 

of i/j by setting a{x) = (l, ip{x) — (/^(xi)). By assumption (b), for each A G A, 
the curve t ip{t, A) has a horizontal lifting t i-^ ijj{t, X) £ E with ip{0, A) = 
s{xi). Notice that, by the uniqueness of the horizontal Ufting of a curve, we have 
V'(t, A) = s(^{t, A)) for small t. Since s is a horizontal section of tt, its image is an 
integral submanifold of V and thus the Levi form £P vanishes along the image of s. 
Thus £P vanishes at the point ijj{t, A) for small t; hence, since t Sp[i/j{t, A)) is 
real-analytic, SP must vanish along the entire curve t ilj{t, A). By Theorem 2.5, 
o a is a horizontal section of E with o a)(xi) = s{xi); since the domain 
of a clearly contains V, Lemma 2.4 implies that ijj o a extends s to (an open 
set containing) V. This proves the extension property of ^ and concludes the 
proof. □ 



4. Levi-Civita connections 

4.1. Levi form of the horizontal distribution of a connection. Let ir : E —>■ M 

be a smooth vector bundle over a smooth manifold M and let V be a connection 
on E; for m G M we denote by E^ = 7r~^(m) the fiber of E over m. We denote 
by Rm : T^M x T^M x E^ Em the curvature tensor of V defined by: 

for all smooth vector fields X,Y in M and every smooth section ^ of E. 

Recall that there exists a unique distribution V on the manifold E that is hori- 
zontal with respect to vr and has the following property: if 7 : / ^ M is a smooth 
curve on M then a curve j : I ^ E is a horizontal Ufting of 7 with respect to 
V if and only if 7 is a V-parallel section of E along 7. We call V the horizontal 
distribution of V. Given m £ M and ^ G E^, then the quotient T^E/V^ can be 
identified with T^{Em) = Ker(d7r^); moreover, since Em is a vector space, we 
identify T^{Em) with Em- We also identify with TmM using dvrj. The Levi 
form of P at a point ^ £ E can thus be seen as a biUnear map: 

£f : TmM X TmM Em- 

Lemma 4.1. The Levi form of the horizontal distribution V of a connection V is 
given by: 

for allm e M, ^ e Em- 

Proof Given a smooth vector field X on M we denote by X^°'^ the horizontal lift 
of X which is the unique horizontal vector field on E such that d7r^(X'^°''(^)) = 
X(7r(^)), for all ^ £ E. Given smooth vector fields X, Y on M, we have to show 
that vertical component of [X^"'', Y^'"''] at a point ^ G is equal to -RiX, Y)^. 
Note that the horizontal component of [x^o^,Y^°'] is [X,YY"'\ since X^°' and 
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Y are vr-related respectively with X and Y. Thus, the proof will be concluded 
once we show that: 

a([X^-,y^-] - = -a{RiX,Y)^), 

for every smooth section a of the dual bundle E*. Given one such section a, we 
denote by fa '■ E ^ M. the smooth map defined by: 

/a(e)=0- 

We claim that: 

where V* denotes the connection of E*. Namely, let 7 : ]— e, e[ M be an 
integral curve of X and let t ^ {t) be a parallel section of E along 7, so that ^ is 
an integral curve ofX^°";then: 

= (v;(*)«)ewL=o = (v»c, 

which proves the claim. Observe also that if v G TE is a vertical vector then 

v{fa) = C({v)', therefore: 

where R* denotes the curvature tensor of V*. A simple computation shows that: 

R*{X,Y)a = -aoR{X,Y). 
The conclusion follows from (9) by evaluating both sides at the point ^. □ 

Corollary 4.2. Let n : E ^ M be a smooth vector bundle endowed with a con- 
nection V, let : Z G M. X A ^ M be a A-parametric family of curves on M 
with a local right inverse a : V C M ^ Z and let i/j : Z ^ E be a smooth 
section of E along such that t ^ 'ip{t, A) is parallel for all X E A and such that 
A H- >■ ^(0, A) is also parallel. If 

Ri>[t,\){v,w)'ip{t,\) = 0, 

for allv,w G r^(( x) ^ all {t,X) G Z then s = ipoais a parallel local section 
ofE. 

Proof. Follows readily from Theorem 2.5 and Lemma 4. 1. □ 

Corollary 4.3. Let it : E —> M be a smooth vector bundle endowed with a con- 
nection V. Let xq £ M, eo € 7r~^(xo) C E be given and let S be a fixed spray on 
M. Assume that: 

(a) if 7 : [a, 6] ^ M is a piecewise solution of S with 7(a) = xq and 
7 : [a,b] E is a parallel section of E along 7 with 7(a) = cq then 
R^{p){v,w)^{b) = O,forallv,w € T^(p-^M; 

(b) M is ( connected and) simply-connected. 

Then there exists a unique global smooth parallel section s ofE with s{xq) = eo- 

Proof. Follows directly from Lemma 4.1 and Theorem 3.11. □ 
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Corollary 4.4. Let tt : E ^ M be a real-analytic vector bundle endowed with a 
real-analytic connection V. Assume that M is ( connected and) simply-connected. 

Then any local parallel section s -.U ^ E of E defined on a nonempty connected 
open subset U of M extends to a global parallel section of E. 

Proof. It follows from Lemma 4.1 and Proposition 3.12. □ 

Proposition 4.5. Let tt : E A4 be a real-analytic vector bundle endowed with 
a real-analytic connection V. Given x G M, e G tt~^{x), assume that: 

(10) {V''R){vi,V2,...,Vk+2)e = 0, 

for all vi, . . . , Vk+2 € TxM and all k > 0. Then there exists a parallel section s 
of E defined in an open neighborhood of x in M with s{x) = e; in particular, by 
Corollary 4.4, if M is (connected and) simply-connected then there exists a global 
parallel section s of E with s(x) = e. 

Proof. Given a smooth vector field X on M, we denote by X the unique horizontal 
vector field on E that is vr-related with X. We show that condition (10) is equiva- 
lent to the condition that all iterated brackets of vector fields X are horizontal at the 
point e. The conclusion will then follow from Theorem 2.7. First, let us compute 
the bracket [^,5^]. Since X and Y are 7r-related respectively with X and Y, it 
follows that the horizontal component of [X, Y] is [X, Y]; its vertical component 
is computed in Lemma 4.1. Thus: 

(11) [X,Y]e={[X,Y],„-R{X,Y)e), 

where we write tangent vectors to E as pairs consisting of a horizontal component 

and a vertical component. Given a smooth section L of the vector bundle Lin(£'), 
we denote by L the vertical vector field on E defined by L(e) = (O, L{e)^ . Given 
a smooth vector field Z on M, let us compute the bracket [Z,L]. Since Z is 
TT-related with Z and L is vr-related with zero, it follows that [Z, L] is vertical. 
Given a smooth section a of E*, we consider the map fa '■ E ^ M. defined by 
/a(e) = a{e) and we compute as follows: 

L(/,)(e) = a(L(e)) = faoiie), 
ZifM = = ^««*)) = (Vz«)(e) = hzcie), 

where t e{t) is an integral curve of Z, i.e., a parallel section of E along an 
integral curve of Z. Then: 

[^,L]{fa) = Z(L{fa)) - L{Z{fa)) = fvz{aoL) " f{Vzot)oL = faoVzL 

= yfLifoc), 

so that: 



(12) [Z,L] = VzL. 
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Notice that (11) says that [X, Y] is given by: 

[X,Y] = [Xy]-L, 

where L(e) = R{X, Y)e. Using the equaUty above and (12) it can be easily proved 
by induction that: 

[Zi, [Z2, . . . [Zfe, [X, ?]]•••]] = [Zi, [^2, . . . [Zk, \x^]\ ■■■W-L'k, 

where: 

Lk{e) = (Vzi(Vz,(- • • Vz,{R{X,Y)) ■ ■ ■ )))e. 
The conclusion follows by observing that Lfc (e) can be written in the form: 

Lfe(e) = (V'=i?)(Zi, ...,Zk,X,Y)e + Y, ^h, 

1=0 

where L^i is a term linear in (V*i2)(- • •)e. □ 

4.2. Connections arising from metric tensors. Let tt : E M be a vector 
bundle and let E* (g) E* denote the vector bundle over M whose fiber at m G M is 
the space of bilinear forms on Em- If V is a connection on E then we can define a 
induced connection V^'' on E* (g) E* by setting: 

where X is a smooth vector field on M and ^, rj are smooth sections of E. A 
straightforward computation shows that the curvature tensor R^^^ of V*^'' is given 
by: 

(13) {R'^'^iX, Y)g) (e, n) = -g{R{X, Y)^, r,) - g{^, R{X, Y)rj) , 

for any smooth vector fields X, Y on M, any smooth sections ^, rj of E and any 
smooth section g of E* E*. If 7 : I — > M is a smooth curve defined on an 
interval / around and if go is a bilinear form on -E^(o) then the parallel transport 
I B t i—>- gt of go along 7 relatively to the connection V*^'^ is given by: 

where Pj : -E'-y(o) -^7(t) denotes the parallel transport along 7. 

Given a smooth manifold M then a semi-Riemannian metric on M is a smooth 
section g of the vector bundle TM* ® TM* such that gm ■ T„iM x T^M R 
is symmetric and nondegenerate; if gm is positive definite for all m € M, we call 
g a Riemannian metric. The Levi-Civita connection of g is the unique symmetric 
connection V on TM such that V'^'^^ = 0. 

We consider the following problem: given a symmetric connection V on a 
smooth manifold M, when does there exist a semi-Riemannian metric g on M 
such that V is the Levi-Civita connection of gl 

Note that if V is the Levi-Civita connection of a semi-Riemannian metric g then 
for any m ^ M and any v,w ^ T^M, the linear operator Rm{v, w) : T^M — > 
TmM corresponding to the curvature tensor of V is anti-symmetric with respect 
to gm\ moreover, given a smooth curve 7 : [a, 6] M with 7(a) = mo and 
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7(5) = m then, denoting by P : TmoM T^M the parallel transport along 7, 
the Unear operator: 

P-I [Rmiy, w)] P:TmoM^ Tm,M 

is anti-symmetric with respect to Qmo^ for all v,w E T^M. We will show below 
that this anti-symmetry characterizes the connections arising from semi-Riemann- 
ian metrics. 

Proposition 4.6. Let M be a smooth manifold, V be a symmetric connection on 
TM, niQ € M and go be a nondegenerate symmetric bilinear form on T^oM. Let 
ip: ZGM.xA^Mbea k-parametric family of curves on M with a local right 

inverse a : V C M ^ Z; assume that ip{0, A) = mo, for all X E M. For each 
{t, A) £ Z, we denote by P(t.\) '■ Tm^M — > r^(^ ;^-)M the parallel transport along 
1 1— J- V'(i) A). Assume that for all (t, X) € Z the linear operator: 

(14) P^\^ [R^it,x) (v, w)] P(t,;,) : T„„M Tm,M 

is anti-symmetric with respect to go, for all v,w € T^(i^X)M, where 

denotes the linear operator corresponding to the curvature tensor ofV. Then V is 
the Levi-Civita connection of the semi-Riemannian metric g onV C M defined by 
setting: 

9m{-,-) = 5o(-P«(L)''-^a(m)')' 

for all m eV. 

Proof For each {t, A) G Z, let ^^(t, A) e TM* TM* be the bihnear form on 
r^(t,;,)M defined by: 

v;(«,A)(-,-)=5o(P(7,V'^(7i)-)- 

Then 'tp satisfies the hypotheses of Corollary 4.2 with E = TM* (g) TM*; namely, 
V'(0, A) = go, for all A G A and by (13) and the anti-symmetry of (14), we have 

^J(t,A)(^' ^) = 0' fo'' ^' ^ ^ T^{t,x)M. Hence g = '4}oa:V ^ TM*®TM* 
is a parallel section of TM* ® TM* and V is the Levi-Civita connection of g. □ 

Theorem 4.7. Let M be a smooth manifold, V be a symmetric connection on TM, 
mo G M and go be a nondegenerate symmetric bilinear form on T^qM. Let S be 
a fixed spray on M. Assume that: 

• for every piecewise solution 7 : [a, 6] — ^ M of S with 7(a) = mo the 
linear operator P^^i?^,(5)P^ on Tm„M is go-anti-symmetric, where P-y : 
T^gM — > T^Q,-^M denotes parallel transport along 7; 

• M is ( connected and) simply-connected. 

Then go extends to a Riemannian metric on M for which V is the Levi-Civita 
connection. 



Proof. It follows from (13) and Corollary 4.3. 



□ 
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Proposition 4.8. Let M be a( connected and) simply-connected real-analytic man- 
ifold and let V be a real-analytic symmetric connection on TM. If there exists a 

semi-Riemannian metric g on a nonempty open connected subset of M having V 
as its Levi-Civita connection then g extends to a globally defined semi-Riemannian 
metric on M having V as its Levi-Civita connection. 

Proof. It follows from Corollary 4.4. □ 

Proposition 4.9. Let M be a real-analytic manifold and let V be a real-analytic 
symmetric connection on TM. Given a point xq E M and a nondegenerate sym- 
metric bilinear form go on T^qM, if: 

{V''R)ivu . . . , Vk+2) : T^M ^ T^M 

is go-anti-symmetric for all vi, . . . , Vk^2 £ T^^M and all k > then go extends 
to a semi-Riemannian metric on an open neighborhood of xo whose Levi-Civita 
connection is V. Moreover, if M is (connected and) simply-connected then go 
extends to a global semi-Riemannian metric on M having V as its Levi-Civita 
connection. 

Proof. Follows easily from Proposition 4.5 and from formula (13). □ 

The above characterizations of Levi-Civita connections have been used in [3], 
where the authors study left-invariant (symmetric) connections in Lie groups. 

5. Affinemaps 

Let us now discuss as an application of the "single leaf Frobenius Theorem" a 
classical result in differential geometry. 

5.1. Tlie Cartan-Ambrose-Hicks Tlieorem. Consider the following setup. Let 
M, N be smooth manifolds endowed respectively with connections and V^. 

We denote by , (resp., R^, i?^) respectively the torsion tensors (resp., 
curvature tensors) of V*^ and V^. A smooth map f : M N is called affine if 
for every x G M, v G T^M and every smooth vector field X on M we have: 

d/,(VfX)=Vf(d/oX); 

in the formula above df o X : M ^ TN is regarded as a vector field along / on 
A'", so that it makes sense to compute its covariant derivative along v € TM. 

Let Xo G M, yo & N he given and let ctq : T^^M — > Ty^N be a linear map. 
Given a geodesic 7 : [a, 6] ^ M with 7(a) = xq then the geodesic fi : [a,b] ^ N 
with ij,{a) = yo and p'{a) = a (7' (a)) is called induced on N by the geodesic 
7 and by ctq. We observe that the geodesic ij, : [a,b] N is well-defined only 
if (6 — a)o-(7'(a)) is in the domain of the exponential map of N at the point 
yo. Let a : T^(^h-)M T^Qj-^N be the linear map given by the composition of 
parallel transport along 7, ao and parallel transport along p; we call a the linear 
map induced by 7 and ctq. 
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Theorem 5.1. Let xq G M, yo e N be given and let gq : T^^M Ty^N 
be a linear map. Let U be an open subset ofTx^M which is star-shaped at the 

origin and which is carried diffeomorphically onto an open subset V of M by the 
exponential map of M at xq. Assume that o{U) is contained in the domain of 
the exponential map of N at yo. For each x E V, let '■ [0, 1] M be the 
unique geodesic such that 7^(0) G U and 7x(l) = x; let fix '■ [0, 1] — > and 
ax '■ TxM T^^(^i^N be respectively the geodesic and the linear map induced by 
7a; and (Tq. Assume that for all x € V the linear map Ox relates with and 
with R^, i.e.: 

a^T^^O,-)) =r^(cT.(-),cT,(-)), ax{R^{-^-)-)=R''{ax{-),ax{-))ax{-). 

Then the smooth map f : V ^ N defined by f{x) = i^ affine and df{x) = 

Ox for all x G V; in particular, /(xq) = yo and df{xo) = oq. 

Remark 5.2. In the statement of Theorem 5.1, if one assumes that ao is an isomor- 
phism (resp., injective) then it follows that / is a local diffeomorphism (resp., that 
/ is an immersion). Moreover, if and are the Levi-Civita connections of 
Riemannian metrics on M and respectively then, if one assumes that ctq is an 
isometry, it follows that / is a local isometry. 

In what follows we assume that is geodesically complete, i.e., for ally E N 
the exponential map of at y is defined on the whole tangent space TyN. 

Let Xq G M, yo G be given and let ctq : TxqM — Ty^N be a linear map. Let 
7 : [a, 6] — >■ M be a piecewise geodesic with 7(a) = xq, i.e., there exists a partition 
a = to < ti < ■ ■ ■ < tk = b of [a,b] such that 7|[t-,t^^^] is a geodesic for all i. 
Using the linear map ctq it is possible to define a piecewise geodesic fj, : [a,b] ^ N 
and a linear map a : T^(i,-^M T^{b)N induced by 7 in the following way: we 
first define inductively a sequence of geodesies fii : N and of linear 

maps (Tj : T^(t.)M Tij_.(^--^N. Let /^o and ai be respectively the geodesic and 
the linear map induced by the geodesic 7|[to,ti] and by ctq. Assuming that iii and 
(Ti+i are defined we let /Xj+i and crj_|_2 be respectively the geodesic and the linear 
map induced by the geodesic '^\[t^_t^j^^] and by Finally, we let /i : [a, 6] — > iV 
be the piecewise geodesic such that |Ji\[t^^ti+^] = A*? for ^ ^id we let a = a^. 

Theorem 5.3 (Cartan-Ambrose-Hicks). Let M, N be smooth manifolds endowed 
respectively with connections V^^ and V^; assume that is geodesically com- 
plete and that M is connected and simply-connected. Let xq G M, yo E N be 
given and let cjo : Tx^M —i- Ty^N be a linear map. For each piecewise ge- 
odesic 7 : [a,b] M with 7(a) = xo denote by fi^, : [a,b] N and by 
: T^{p)M — > Ti^_^^p-^N respectively the piecewise geodesic and the linear map 
induced by the piecewise geodesic 7 and by (Tq. Assume that for every piecewise 
geodesic 7 the linear map relates with and R^^ with R^. Then there 
exists a smooth affine map f : M ^ N such that for every piecewise geodesic 
7 : [a, 6] ^ M we have f = l^y and df{^{b)) = a^; in particular, f{xo) = yo 
and df{xo) = ctq. 
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Remark 5.4. In the statement of the Cartan-Ambrose-Hicks Theorem, if one as- 
sumes in addition that ctq is an isomorphism, and that is geodesically complete 
then it follows that the affine map f : M ^ N is a covering map. 

Corollary 5.5. Let {M,g^), {N,g^) be Riemannian manifolds with {N,g^) 
complete and M connected and simply-connected. Let xq G M, yo € N be given 
and let ao : T^qM — > Ty^N be a linear isometry onto a subspace ofTy^N. For 
each piecewise geodesic 7 : [a, 6] — > M with 7(a) = xq denote by /x-y : [a, b] ^ N 
and by : T„^q^-^M — > T^j, (5) respectively the piecewise geodesic and the linear 
map induced by the piecewise geodesic 7 and by uq. Assume that for every piece- 
wise geodesic 7 the linear map cr-y relates with R^. Then there exists a totally 
geodesic isometric immersion f : M ^ N with /(xq) = yo cind df{xo) = ctq. 

Proof. It follows immediately from Theorem 5.3; observe that the condition that / 
is totally geodesic follows from the fact that / is affine. □ 

We now show how the proof of Theorems 5.1 and 5.3 can be obtained as an ap- 
plication of the local and the global version of the "single leaf Frobenius Theorem" 
(Theorems 2.5 and 3.11). 

Consider the vector bundle E = Lin(rM, TN) over M x N whose fiber at a 
point (x, y) E M x N is the space of Unear maps Liii{TxM, TyN). Notice that E 
coincides with the tensor bundle tt^ {TM*) (g) (TN), where tti and 7^2 denote the 
projections of the product M x N. The connections and naturally induce 
a coimection V on given by: 

(15) (V(,,^)a)(X) = V^,,^){a{X)) - a{V^X), 

where v G TM, w G TN, X isa smooth vector field on M and a : M x N ^ E 
is a smooth section of E. In the formula above, <t{X) : M x N ^ TN is regarded 
as vector field along the projection 1:2 M x N ^ N on N . 

Given a smooth map f : U ^ N defined on an open subset U of M then 
the differential df : U E can be regarded as section of E along the map 
[/ 9 X I— s- (x, /(x)) e M X N, so that it makes sense to consider the covariant 
derivative of df with respect to the connection V. 

Lemma 5.6. A smooth map f : U ^ N defined on an open subset of M is affine 
if and only ifdf is parallel with respect to V. 

Proof. Given v G TM and a smooth vector field X onU we compute: 

(v„(d/))(x) = v:'(d/(x)) - d/(Vf X). 

The conclusion follows. □ 

Lemma 5.7. Let X : t i-^ {y{t), iJ,{t),a{t)^ be a smooth curve on E, i.e., 7 is a 
curve on M, fj, is a curve on N and a{t) is a linear map from T^{i-^M to T^(^f^N 
for all t. Then A is parallel with respect to V (or, equivalently, A is tangent to the 
horizontal distribution corresponding to V) if and only if the following condition 
holds: for every -parallel vector field t v{t) G TM along 7, the vector field 
1 1— a{t)v{t) G TN along n is -parallel. 
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Proof. Let t ^ v{t) he, & vector field along 7. Let us denote by g| and ^ 
respectively the covariant derivatives with respect to the parameter t correspond- 
ing to the connections V, and V^. The conclusion follows easily from the 
following formula: 

= {^^^a{t))v{t)+a{t)^^v{t), 
observing that A is V-parallel if and only if ^a{t) = Q. □ 
The geometric interpretation of Lemma 5.7 is given by the following: 

Corollary 5.8. Let A be as in the statement of Lemma 5.7 and let to in the domain 
of A be fixed. Then A is parallel with respect to V if and only if the following 
condition holds: for all t, the linear map a{t) : T^^^-^M — > T^^^^-^N is given by the 
composition of -parallel transport along 7, (T{to) and -parallel transport 
along fj,. □ 

We now explain in which form the "single leaf Frobenius Theorem" (Theo- 
rem 2.5) is going to be applied. We consider the smooth submersion tt : E ^ M 
given by the composition of the canonical projection E ^ M x N with the first 
projection m : M x N ^ M. Given x e M,y e N,a e Lin(r3;M, TyN) then 
the tangent space T^E is identified with the direct sum of T^M © TyN (the hori- 
zontal space corresponding to the connection V) and Lin(r-i;M, TyN) (the tangent 
space to the fiber). We will now define a distribution V on the manifold E that is 
horizontal with respect to the submersion tt : E ^ M. We set: 

(16) V„ = Gr((7) © {0} C T^M © TyN © Lin(r^M, TyN) ^ T^E, 

where Gr(cj) C T^M © TyN denotes the graph of the linear map a. 

Lemma 5.9. Let s : U E be a smooth section of E defined on an open subset 
U of M; we write s{x) = [f{x),a{x)), where f : U ^ N is a smooth map and 
cr{x) G Lm{TxM, Tji^^-^N), for all x £ U. Then s is V-horizontal if and only if 
cr{x) = df{x)for all x E U and f is affine. 

Proof Given x eU,v e T^M then the component of dsx{v) in T^M © Tf^,^)N 
is equal to (f , dfx{v)). Thus, s is P-horizontal if and only if a is V-parallel and 
(j{x) = df{x), for all x £ U. The conclusion follows from Lemma 5.6. □ 

Lemma 5.10. Let A be as in the statement of Lemma 5.7 and let to in the domain 
of A be fixed. Assume that 7 is a geodesic on M. Then A is V-horizontal if and 
only if the following conditions hold: 

• IX is a geodesic on N; 

• //(to) = (T(to)7'(to); 

• for all t, the linear map a(t) : T^(()M T^j^^^-^N is given by the compo- 
sition of V'^^ -parallel transport along 7, cr(to) and -parallel transport 
along ji. 
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Proof. Clearly A is D-horizontal if and only if A is parallel with respect to V and 
= a{t)^'{t), for all t. The conclusion follows from Lemma 5.7 and Corol- 
lary 5.8. □ 

Corollary 5.11. Let xq € M, yo € N be fixed and let ctq : T^^qM Ty^N 
be a linear map. Let 7 : [a, 6] M be a piecewise geodesic with 7(a) = xq. 
Then A : [a,b] 3 t t-^ {y(t), iJ,{t),a{t)) G E is the horizontal lift of ^ with 
A(a) = (xo, 2/0) ctq) if and only if ji : [a, b] ^ N is the piecewise geodesic induced 
by 7 and ctq and a{t) is the linear map induced by 7I [a,t] and uq, for all t. □ 

Lemma 5.12. The curvature tensor of the connection V of E is given by: 

{'"2,W'2))o- = Ry {wi,W2) O (7 - a O R^ {vi,V2), 

for all {x, y) e M xN,vi,V2 e T^M, wi,W2 e TyN, a G Lin(r^M, TyN). □ 

Lemma 5.13. Let P, Q be smooth manifolds, V a connection on Q and h : P ^ Q 
be a smooth map. Given smooth vector fields X, Y in P then: 

Vx{dh{Y)) -VY{dh{X)) -dh{[X,Y]) =T{dhiX),dh{Y)), 

where T denotes the torsion ofV. 

Proof. It is a standard computation in calculus with connections (see Proposi- 
tion B. 8). □ 

We will now compute the Levi form of the distribution T>. Given x G M, 

y e N,a e Lm(TxM, TyN), the Levi form of V at the point cr G -E is a bilinear 
map S,'^ : X ^ T^E/V^. We identify the space with T^M by the 
isomorphism: 

T^M 3v< — > {v, a{v), O) eV^C T^M © TyN © Lin(ra;M, TyN) ^ T^E. 
Moreover, the surjective linear map: 

(17) T^E 3 {v,w,t) > — > {w -a{v),T) e TyN © Lin(T,M, TyN) 

has kernel L)^ and thus induces an isomorphism from the space TfjE/Va^ onto 
TyN © Lin(ra;M, TyN). Hence, the Levi form of P at cr will be identified with a 
bilinear map: 

£^ : T^M X T^M — > TyN © Lin(T^M, TyN). 
We now compute 

Lemma 5.14. Given x E M, y e N, a e Lin(ra;M, TyN), the Levi form ofV at 
the point a E E is given by: 

2'^ivi,V2) = (a{T''iv,,V2)) -T''{aivi),aiv2)), 

a o R^ivi,V2) - R^{aivi),a{v2)) o a) , 

for all vi,V2 G T^M. 
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Proof. Given a smooth vector field X on M, we define a smooth vector field X on 

E by setting: 

(18) 

X{x,y,a) = {X{x),a{X{x)),0) € T^M QTyN ®Lm{T^M,TyN) ^T^E, 

for all X e M,y € N, a € Un{T^M, TyN). Observe that X is P-horizontal. 

Let X G M, y € A^, cr G UuiT^M^TyN), vi,V2 G T^M be fixed. Choose 
smooth vector fields Xi, X2 on M with Xi{x) = vi, X2{x) = V2. In order to 
compute the Levi form of V at the point a it suffices to compute the Lie bracket 
[Xi,X2] at the point a. The vector [Xi,X2]ct is identified with an element of 
T^M © TyN © Lm{T^M,TyN). The component in Lm{TxM,TyN) of such 
vector can be computed using Lemma 4.1, since Xi and X2 are both horizon- 
tal with respect to the coimection V of E; thus, the component of [Xi,X2](t in 
Lm{TxM,TyN) is equal to —R^[{vi,a{vi)), {v2, (t{v2))) cr. Let us now compute 
the component of [Xi, X2]ct in T^M (BTyN; this is just d7Ta-{[Xi, X2]a)- Consider 
the connection V^^^""^ on M x induced from V^^ and V^; its torsion T^^-^ 
is given by: 

T^'<''{{V,,W,),{V2,W2)) = {T^{VI,V2),T^{WUW2)). 

We now compute d7ro-([Xi,X2]o-) using Lemma 5.13 with P = E,Q = MxN 
and h = TT. We get: 

(19) Vf^x^(d7r(X2)) - Vf;^(d7r(Xi)) - dvr([Xi,X2]) 



We compute ^(d7r(X2)) as follows: 



= {T^{X,,X2),T^{aiX,),aiX2))). 

'■^(d-n-fX^)) flsfnllnv 

where A : ]— e,e[ — > £■ is an integral curve of Xi with A(0) = a. Thus A(t) : 
(x(t),y(t),cr(t)), where t x{t) G M is an integral curve of Xi, y'{t) - 
a{t)x'{t) and t ^ a{t) is V-parallel. Hence: 

dniMXm = r^>2(x(t)),a(t)X2(x(t))) 
= (i%(x(i)),iV(t)X2(x(t))]) 

^•'^"'^^(r^2(x(t)),a(t)r^2(x(t))). 

Evaluating at t = we obtain: 

7M V ^f^M 



(20) Vf^x^(d7r(X2)) = d7r(X2(A(i))) = (Vf,X2, a(Vf,X2)) , 
where the righthand side of (20) is evaluated at the point x. Similarly: 

(21) Vf;^(d7r(Xi)) = (Vf,Xi,a(Vf,Xi)). 
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Using (19), (20) and (21) we get: 
d7r4[Xi,X2]^) 

= ([Xi,X2]^,a([Xi,X2]^) + a(r^(Xi,X2)) -r^((7(Xi),a(X2))). 
Hence, recalling Lemma 5.12: 
(22) 

[Xl,X2]a = ([Xi,X2]^,C7([Xi,X2]a.)+a(T^(Xi,X2))-r^(a(Xi),a(X2)), 

(7 o (Xi, X2) - <((7(Xi), a(X2)) o a) . 

The conclusion follows recalling formula (17) that gives the identification between 
T^E/V^ and TyN hm.{T^M, TyN). □ 

Corollary 5.15. Given x e M, y e N, a e Lin(ra;M, TyN), then the Levi form 
ofT> at the point a £ E vanishes if and only if the linear map a : TxM TyN 
relates T^ with T^ and with . 

Proof. It follows from Lemma 5.14. □ 

Proof of Theorems 5.1 and 5.3. It follows from Theorems 2.5 and 3.11, keeping in 
mind Examples 2.2 and 3.1, Lemmas 5.9 and 5.10, and Corollary 5.15. □ 

5.2. Higher order Cartan-Ambrose-Hicks theorem. Given a tensor field r on 
a manifold endowed with a connection V, we denote by V'^''V its r-th covariant 
derivative, for r > 1; we set V^°V = r. 

Theorem 5.16. Let M, N be real-analytic manifolds endowed with real-analytic 
connections and V^, respectively. Let xq G M, yo E N be given and let 

(To : TxQ M Tyg N be a linear map. If for all r > the linear map uq relates 
V('')r^^ with V('')rjj^ and V^''^ R^l with V^'^^i?^ then there exists a real-analytic 
affine map f : U ^ N defined on an open neighborhood U of xq in M satisfying 
f{xo) = yo and df{xo) = (Tq. 

Proof. We will apply Theorem 2.7 to the distribution D on £' defined in (16). As 
before, for x G M, y e N,a e Lin(r3;M, TyN), we use the identification: 

T„E ^ T^M e TyN © Lin(r^M, TyN). 

Given a smooth vector field X on M, we define a P-horizontal vector field X on ii^ 
as in (18). Recall that for Xi,X2 G r{TM), the bracket [Xi, X2] was computed 
in the proof of Lemma 5.14 (see (22)). By Remark 2.8, the thesis will follow once 
we show that the iterated brackets: 

(23) [Xr+l, ■ ■ ■ , -'^l] = [Xr+1, [Xr, ... , [X2,Xi] ■•■]], 
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evaluated at ao e E are in V^q, for all Xi, . . . , G T{TM) and all r > 1. For 
r >0,x e M,y e N,a e Lin(ra;M, TyN) we set: 

1^;\X^, . . .,Xr+2) = a(vWr^(Xi, . . .,Xr+2)) 

-VWT^(a(Xi),...,a(X,+2)) GT.iV, 

- V^'-^R^ . . . , a{Xr+2)) o a G Lin(T,M, TyN), 

(r) 

for all Xi, . . . , Xr+2 G T|rAf. The hypotheses of the theorem say that T^o and 
yiijf^ vanish for all r > 0. Observe that T*^'^-' and D^^*^^ are, respectively, sections 
along the map n : E ^ M x N of the vector bundles over M x N given by: 

( (2)(7rirM)*) TTsTiV and ( (g)(7rirM)*) ® (Tr^rM)* ® vTaTiV, 

r+2 r+2 

where tti and 7r2 denote the projections of the product M x N. 

Our plan is to show that the iterated bracket (23) can be written in the form: 

(24) [Xr+i, ...,Xi] = (0, 1(^-1) . . . , Xi), {Xr+l, . . . , Xi)) 

+ (0,£WCr(°),5H(0),...,2:('-2),5H('-2))) + terms in r(^-i)(P), 

for all r > 1, where is a section along the map Tr:E^MxNofthe vector 
bundle over M x N given by: 

Linf [((g)(7rtrM)*)(g)7r^rAr©(^(g)(7ri*rM)*)(8)(7rtrM)*®7r^riv], 

^ i=0 i+2 i+2 

Once formula (24) is proven, the conclusion follows easily by induction on r. We 
will now conclude the proof by showing formula (24) by induction on r. For r = 1, 
we have (recall (22)): 

[X2,X,] = (0,a{T'^iX2,X^)) -T^{aiX2),a{X^)), 

a o R^{X2,Xi) - R^{a{X2), (t{Xi)) o a) + terms in r°(P) 

= (0,T(°n^2,Xi),9i(0)(X2,Xi)) + terms in rO(P), 

proving the base of the induction. The induction step can be proven by applying 
ad ^ to both sides of (24), keeping in mind Lemma 5.17 below and the following 
formulas: 

(Vhor5H»).(^, c7(Z)) = 5H(^+i)(Z, • • • ), 
where Z is a vector field on M. This concludes the proof. □ 
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Lemma 5.17. Let Abe a section along the map tt2 o ir : E ^ N of the tangent 
bundle of N and let B be a section along the map tt : E ^ M x N of the vector 
bundle E, so that (0, A, B) is a vector field on the manifold E. Let Z be a vector 
field on M. Then: 

[Z,{0,A,B)l = (0,Vi!,,A{Z,a{Z)) - BiZ) - T''{a{Z),A), 

Vi,orB{Z,a{Z)) - R"" {a{Z),A) o a), a e E, 

where V^^^A (resp., VhoiSj denotes the restriction ofV^A (resp., ofVB) to the 
horizontal subbundle ofTE determined by the connection of E. 

Proof. We compute the horizontal component of [Z, (0, A, B)] using Lemma 5.13 
with P = Q = M X and /i = TT. We have: 

d7r,[(Z, 0), (0, A, B)] = Vf,f^,^^,^ (0, A) - Vf.^j,^ {Z, a{Z)) 

-r^x^((Z,a(Z)),(0,^)). 

Clearly: 

r^x^((Z,c7(Z)),(0,^)) = (r^(Z,0),T^(a(Z),A)) = (0,r^(a(Z),A)) 
and: 

Vgr.fz),o)(0'^) = (0'VL^(^,<^(^)))- 

Let t H- > (^x{t),y{t),a{t)) be an integral curve of (0,^4,5), i.e., t x{t) is 
constant, y' = A and ^cr = B. We compute: 

Let us now compute the vertical component of [Z, (0,^,0)]. Since both Z and 
(0, A, 0) are in the horizontal subbundle of TE determined by the connection of 
E, the vertical component of [Z, (0, A, 0)] can be directly computed using Lem- 
mas 4.1 and 5.12, as follows: 

vertical component of [Z, {0,A,0)]a = -R^ {{Z,a{Z)),{0,A))a 

= aoR^{Z,0)-R^{a{Z),A)oa = -R^{a{Z),A)oa. 

Finally, we compute the vertical component of [Z, (0, 0, B)]. Let be a vector 
field on M and a be a 1-form on N; we define a map fw,a : E ^ M.hy setting: 

/w,a(<T) = a(a(VF)). 

Let X & M,y & N, a e Lin(ra:M, TyN) be fixed and assume that V'^^W{x) = 
0, V^a{y) = 0, so that dfw,a{(^) annihilates the horizontal subspace of T^E 
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determined by the connection of E. We compute: 

{0,0,B){fw,a) = a{B{W)), 
Z{fw,a) = {V^(^z)a){a{W)) +a{a{VzW)), 
Z {{0,0, B){fw,a)), = {V^^z)Cx)4B{W))+a{V,,MZ,cT{Z)){W)) 
+ a{B{Vz^W)) = a{VhorB4Z, a{Z)){W)) , 
{0,0,B){Z{fw,a)), = {VB(Z)C^)x{^iW)) + {V,^z)C^)4B{W)) 
+ a{B{Vz,W)) =0, 

so that: _ 

[Z, (0, 0, B)]{fw,a) = a{VhorBAZ, ct{Z)){W)) . 

Hence, the vertical component of [Z,{0,0,B)]cr is equal to VhorBa{Z,a{Z)). 
This concludes the proof. □ 

Proposition 5.18. Let M, N be real-analytic manifolds endowed with real-analytic 

connections and V^, respectively. Assume that is geodesically com- 
plete and that M is (connected and) simply-connected. Then every affine map 
f : U ^ N defined on a nonempty connected open subset U of M extends to 

an affine map from M to N. In particular, if in addition xq G M, j/q £ 
(To € Lin(T^„Af, Ty^^N) satisfy the hypotheses of Theorem 5.16 then there exists 
an affine map f : M N with /{xq) = yo and d/(a;o) = ctq. 

Proof. If V is the distribution on E defined in (16) then, by Lemma 5.9, s{x) = 
{f{x), df{x)) is a P-horizontal section oiir : E ^ M defined in U. The geodesi- 
cal completeness of guarantees that hypothesis (b) of Proposition 3.12 is sat- 
isfied; hence, such proposition gives a global horizontal section of vr. □ 

An affine symmetry around a point € M is an affine map f : U ^ M defined 
in an open neighborhood U of xq with /(xq) = xq and d/(a;o) = —Id. 

Corollary 5.19. Let M be a real-analytic manifold endowed with a real-analytic 
connection V. Let xq E M be fixed. Then there exists an affine symmetry around 
Xo if and only if: 

(25) V^^'^^Tro = 0, and V^^^'+^^i^a^o = 0, for all r> 0. 

Moreover, if M is ( connected and) simply-connected and complete then condition 
(25) is equivalent to the existence of a globally defined affine symmetry f : M ^ 

M around xq. 

Proof. Apply Theorem 5.16 with M = N, yo = xq and ctq = —Id. For the global 
result apply Proposition 5.18. □ 

Appendix A. A globalization principle 

Definition A.l. Let X, X be topological spaces and tt : X ^ X be a. map. An 
open subset U C X is called a fundamental open subset of X if ir^^ (U) equals 
a disjoint union Uie/ of open subsets Ui of X such that 7r|(7. : Ui U is 
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a homeomorphism for all i G I. We say that vr is a covering map if X can be 
covered by fundamental open subsets. 

Obviously every covering map is a local homeomorphism. 
Given a local homeomorphism tt : X ^ X then by a local section of tt we mean 
a continuous map s : U ^ X defined on an open subset of X with tt o s = Idu- 

Lemma A.2. Let X, X be topological spaces and w : X ^ X be a local home- 
omorphism. Assume that X is Hausdorff. Let U be a connected open subset of X 

satisfying the following property: 

(*) for every x € U and every x £ X with Tr{x) = x there exists a local 
section s : U -^Xofir with s{x) = x. 
Then U is a fundamental open subset of X. 

Proof. Let S be the set of all local sections of tt defined in U. We claim that: 

^-\U) = U s{U). 

s&S 

Indeed, if s G <S then obviously s{U) C tt~^{U); moreover, given x G tt'^{U) 
then X = 7r(x) G ?7 and by property (*) there exists s e S with s{x) = x. Thus 
X G s{U). This proves the claim. Now observe that s{U) is open in X for all 
s G 5; moreover, 'n'\s(u) '■ s{U) ^ C/ is a homeomorphism, being the inverse 
of s : ?7 s{U). To complete the proof, we show that the union IJsg5 '*(^) 
disjoint. Pick s, s' G 5 with s(U) fl s'{U) ^ 0. Then there exists x,y e U with 
s{x) = s'{y). Observe that: 

x = 7r(s(x)) = 7r(s'(y)) = y, 

and thus s{x) = s'{x). Since U is coimected and X is Hausdorff it follows that 
s = s'. □ 

Corollary A.3. Let X, X be topological spaces and tt : X ^ X be a local 

homeomorphism. Assume that X is Hausdorff and that X is locally connected. 
If every point of X has an open neighborhood satisfying property (*) then tt is a 
covering map. □ 

Let X be a topological space. A pre-sheaf on X is a map ^ that assigns to each 
open subset U C X a set ^(?7) and to each pair of open subsets U,V C X with 
V G U a map ^u,v '■ ^(V) such that the following properties hold: 

• for every open subset U C X the map u is the identity map of the set 

• given open sets, U,V,W C X with W CV CU then: 

Vvw o Vuy = Vuw- 

We say that the pre-sheaf ^ is nontrivial if there exists a nonempty open subset U 
ofXwithqj([/) ^ 0. 
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A.l. Example. For each open subset U of X let ^{U) be the set of all continuous 
maps f : U —>■ M.. Given open subsets U,V of X with V C U v/e set ^u,v{f) = 
f\v, for all / G ^{U). Then ^ is a pre-sheaf over X. 

A sheaf over a topological space X is a pair (>S,7r), where 5 is a topological 
space and ir : S X isa local homeomorphism. 

Let ^ be a pre-sheaf over a topological space X. Given a point x E X, consider 
the disjoint union of all sets ^{U), where C/ is an open neighborhood of x in 
X. We define an equivalence relation ~ on such disjoint union as follows; given 
/i G ^{Ui), /2 G ^{1/2), where Ui, U2 are open neighborhoods of x in X then 
/i ^ /2 if and only if there exists an open neighborhood F of x contained in 
Ui n U2 such that '^Ui,v{fi) = Vu2,v{f2)- If ?7 is an open neighborhood of x in 
X and / G ^{U) then the equivalence class of / corresponding to the equivalence 
relation ~ will be denote by [f]x and will be called the germ of f at the point x. 
We set: 

&x = {[f]x '■ f ^ V{U), for some open neighborhood [/ of a; in X}. 

Let & denote the disjoint union of all &x, with x G X. Let tt : 6 ^ X denote 

the map that carries &x to the point x. Our goal now is to define a topology on 6. 
Given an open subset U C X and an element / G ^(U) we set: 

vif) = {[fU:xeu}ce. 

The set: 

{V(/) : / G <P([/), U an open subset of X} 

is a basis for a topology on 6; moreover, if & is endowed with such topology, the 
map TT : 6 ^ X is a local homeomorphism, so that (©, tt) is a sheaf over X. We 
call (G, vr) the sheaf of germs corresponding to the pre-sheaf Observe that if U 
is an open subset of X and / G '^{U) then the map f : U ^ & defined by 

fix) = [f]x, xeU, 

is a local section of the sheaf of germs defined in U. 

Definition A.4. We say that the pre-sheaf *p has the localization property if, given 
a family {Ui)i^i of open subsets of X and setting U = Uig/ then the map: 

(26) ^{U) 3 / ^ {^u,u,U))iei € W'^m 

is injective and its image consists of all the families {fi)i^i in Hig/ ^(^0 ^^"^^ 
that qJc/,,[/in{7, (/i) = Vuj,UinUjifj), for all z, j G I. 

Remark A.5. If the pre-sheaf ^ has the locaUzation property then for every local 
section s : U —> 6 of its sheaf of germs & there exists a unique / G ^{U) such 
that f = s. 

Definition A.6. We say that the pre-sheaf *p has the uniqueness property if for 
every connected open subset U C X and every nonempty open subset V C U 
the map ^u,v is injective. We say that an open subset U C X has the extension 
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property with respect to the pre-sheaf *P if for every connected nonempty open 
subset y of the map '^uy is surjective. We say that the pre-sheaf ^ has the 
extension property if X can be covered by open sets having the extension property 
with respect to 

Remark A.7. If the pre-sheaf *p has the uniqueness property and if X is locally 
connected and Hausdorff then the space © is Hausdorff. If X is locally connected 
and if ?7 is an open subset of X having the extension property with respect to the 
pre-sheaf *P then U has the property (*) with respect to the local homeomorphism 
TT : © — > X. It follows from Lemma A.2 that if X is Hausdorff and locally 
connected and if the pre-sheaf ^ has the uniqueness property and the extension 
property then the map tt : © — >^ X is a covering map. 

Proposition A.8. Assume that X is Hausdorff, locally arc-connected, connected, 

and simply-connected. If ^ is a pre-sheaf over X satisfying the localization prop- 
erty, the uniqueness property and the extension property then the open set X has 
the extension property for ^p, i.e., for every nonempty open connected subset V of 
X the map '^x,v '■ is surjective. In particular, if^ is nontrivial 

then the set ^{X) is nonempty. 

Proof. Let F be a nonempty open connected subset of X and let / G "^{V) be 
fixed. We will show that / is in the image of ^x,v- Let tt : © ^ X denote the 
sheaf of germs of ^. By Remark A.7 tt is a covering map. Choose an arbitrary 
point xq and let ©o be the arc-connected component of [f\xo in ©• Since X 
is locally arc-connected, the restriction of vr to ©o is again a covering map. By the 
connectedness and simply-connectedness of X, 7r|eo : ©o ^ X is a homeomor- 
phism. The inverse of 7r|eo is therefore a global section s : X ^ & and, by Re- 
mark A.5, there exists g G ^(X) with g = s. Now [g]^,^ = g{xo) = s{xo) = [f]^^ 
and hence, by the uniqueness property, ^x,v{g) = /• D 

Appendix B. A crash course on calculus with connections 

Given a smooth vector bundle tt : E ^ M over a smooth manifold M, we will 
denote by r(£') the space of all smooth sections s : M E of E. Observe that 
T{E) is a real vector space and it is a module over the commutative ring C°°{M) 
of all smooth maps f : M ^M.. Given an open subset U of M, we denote hy E\u 
the restriction of the vector bundle E to U, i.e., E\u = Tr''^{U). 

Definition B.l. A connection on a vector bundle tt : — > M is a Il-bilinear map: 

V : r{TM) X T{E) 3 (X, s) i — > Vxs G T{E) 
that is C°° (M)-Iinear in the variable X and satisfies the Leibnitz derivative rule: 

Vx{fs) = X{f)s + fVxs, 
for all X G r{TM), s G r(^), / G C°°(M). 

B.l. Example. If £^0 is a fixed real finite-dimensional vector space and E = M x 
Eq is a trivial vector bundle over M then a section soi E can be identified with a 
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map s : M ^ Eq and a connection on E can be defined by: 

(27) Vxs = ds{X), 

for all X G T{TM). We call (27) the standard connection of the trivial bundle E. 

It follows from the C°°(TM) -hnearity of V in the variable X that Vxs{x) 
depends only of the value of X at the point x G M, i.e., if X{x) = X'{x) then 
Vxs(x) = Vx's{x). Given s G V{E), a; G M and i; G T^M, we set: 

V^,s = Vxs{x), 

where X G V{TM) is an arbitrary vector field with X{x) = v. For all x G M we 
denote by Vs(x) : TxM E^ the linear map given by u i— > V^s. Thus, given 
s G r(£'), we obtain a smooth section Vs of TM* (g) E. 

It follows from the Leibnitz rule that if J7 C M is an open subset then the 
restriction of Vx^ to U depends only of the restriction of s to U. Thus, given an 
open subset U of M, a connection V on induces a unique coimection on 
E\u such that: 

(28) V'i{s\u)=VvS, 
ioxaWs eV{E),v eTU. 

Remark B.2. Given connections V and V' on a vector bundle it : E ^ M then 
their difference is a tensor; more explicitly: 

t(X, s) = Vxs - V'xs G r{E), X G T{TM), s G T{E), 

is C°°(M) -bilinear and hence defines a smooth section t of the vector bundle 
TM* iS> E* iSi E. Moreover, if V is a connection on E and t is a smooth sec- 
tion of TM* E* E then V + t is also a coimection on E. If t is a section 
of TM* ® E* E then, given x E M,v E TxM,we identify i{v) with a linear 
operator on the fiber E^. 

Given vector bundles tt : E ^ M, tt : E ^ M over the same base manifold M 
then a vector bundle morphism is a smooth map L : E ^ E such that vf o L = vr 
and such that L\e^ : Ex ^ E^ is a linear map, for all x G M. We will denote the 
restriction of L to E^ hy L^. If L : E ^ E is a vector bundle morphism such that 
Lx is an isomorphism for all x G M then we call L a vector bundle isomorphism. 
If A is an open subset of E and L : A ^ E isa smooth map such that no L = tt\a 
then we call L a fiber bundle morphism. Given x G M, we write Ax = A n Ex 
and Lx = L\a^ ■ Ax Ex. 

Definition B.3. Given vector bundles tt : £" — > M, tt : E ^ M over the same 
base manifold M, a vector bundle morphism L : E ^ E and coimections V, V 
on E and E respectively then we say that V and V are L-related if: 

Vx{L{s)) =L{Vxs), 
for all X G r{TM), s G r{E). 
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In what follows, we will deal with several constructions involving connections 
on different vector bundles. In order to avoid heavy notations, we will usually 
denote all these connections by the symbol V; it should be clear from the con- 
text which connection the symbol V refers to. For instance, formula (28) will be 
rewritten in the following simpler form: 

Definition B.4. Given a connection V on a vector bundle tt : E ^ M, then the 
curvature tensor of V is defined by: 

(29) R{X, Y)s = VxVys - Vy Vxs - V[x,Y]S e r{E), 

for all X,Y e r{TM), s G r{E). 

Since the righthand side of (29) is C°°(M)-linear in the variables X, Y and 
s, it follows that R can be identified with a smooth section of the vector bundle 
TM* (8) TM* iS)E* 0E. Clearly, R{X, Y)s is anti-symmetric in the variables X 
and Y. 

The notion of torsion is usually defined only for connection on tangent bundles. 
We will present a slight generalization of this notion. 

Definition B.5. Let tt : £' ^ M be a smooth vector bundle and let l : TM E 
be a vector bundle morphism. Given a coimection V on £^ then the i-torsion of V 
is defined by: 

(30) T'iX, Y) = Vx {tiY)) - Vy {i{X)) - i{[X, Y]) e T{E), 

for all X,Y e T{TM). \f E = TM and l is the identity map of TM, we will 
write simply T and call it the torsion of V. 

Again, the righthand side of (30) is C°°(M) -hnear on the variables X and Y, 
so that T'' can be identified with a smooth section of the vector bundle TM* ® 
TM* ® E. Clearly, r'(X, Y) is anti-symmetric in X and Y. 

In what follows we will study some natural constructions with vector bundles 
endowed with connections and we will present some formulas for the computation 
of torsions and curvatures. We will consider constructions that act on the basis of 
the vector bundles and constructions that act on their fibers. 

Given smooth manifolds, M, N, a smooth vector bundle tt : E ^ M over M 
and a smooth map f : N ^ M then we denote by f*E the pull-back of E by f 
which is a vector bundle over N whose fiber at a point x E N is equal to Ef(^^y 
Observe that there is a natural identification of smooth sections of the bundle f*E 
with smooth sections of E along /, i.e., smooth maps s : N ^ E such that 
TT o s = /. Notice that every smooth section s : M ^ E of E gives rise to a 
smooth section of E along / given by s o / : AT — > we may thus identify so f 
with a section of f*E. 

Proposition B.6. Given smooth manifolds M, N, a smooth vector bundle E over 
M endowed with a connection V and a smooth map f : N ^ M then there exists 
a unique connection /*V on the pull-back bundle f*E such that: 

(31) (rv),(so/) = Vd/(.)s, 
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for all s € r(£') and all v G TN. 

The next result follows easily from Proposition B.6. 

Proposition B.7. Let P, N, M be smooth manifolds, E be a vector bundle over 
M endowed with a connection V and g : P ^ N, f : N ^ M be smooth maps. 
Then: 

(32) {fog)*V = f*{g*Vy, 

moreover, if i : U —^M denotes the inclusion map of an open subset U of M then 
i*E can be naturally identified with the bundle E\u and i*V coincides with the 
induced connection V^. 

Identity (32) can be interpreted as a chain rule as follows; given a section s : 
N ^ EofE along / and u G TP then: 

((/ o grv),^{s o g) '^M'^ {g*{f*V))Js o ,) '^M'' (/*V)d,(.).. 

We have the following natural formula to compute the curvature and the torsion 
of a pull-back connection. 

Proposition B.8. Given smooth manifolds M, N, a smooth vector bundle E over 
M endowed with a connection V and a smooth map f : N ^ M then the curva- 
ture tensor of f*V is given by: 

Rl''^{v,w)e = RJ(^^^ {df{x)v,df{x)w)e, 

for all X N, v,w £ T^N, e G { f*E)x = ^/(x)- Moreover, given a smooth 
vector bundle morphism l : TM — > E, then tod/: TN — > E is identified with a 
vector bundle morphism Z : TN f*E and the the following formula holds: 

(33) Tliv, w) = T;(,) {dfix)v, df{x)w) , 

for all X e N, v,w e T^N. 

Observe that if = TM and t is the identity of TM then formula (31) means 
that: 

(rv)x(d/(y)) - (rv)y(d/(x)) -d/([x,y]) =T(d/(x),d/(y)), 

forallX,y G TiTN). 

Now we consider constructions acting on the fibers of the vector bundles. To 
this aim, we need some categorical language. Given an integer n > 1, we denote 
by QJec " the category whose objects are n-tuples of real finite-dimensional 

vector spaces and whose morphisms from to are n-tuples 

of vector space isomorphisms Ti : Vi ^ Wi. We set !33ec ^ = ^ec . A functor 

: ^ec " ^ec is called smooth if for any object (T^)f^^ of ^ec " the map: 

(34) ^ : GUVi) X • • • X GL(K) GL{d(Vi, K)) 

is smooth. Observe that (34) is a Lie group homomorphism; its differential at the 
identity is a Lie algebra homomorphism that will be denoted by: 

^ : gl{Vi) X • • • X gl(F„) g\{d{Vi, ...,Vn)). 
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Given vector bundles E , ...,E'"- over a smooth manifold M we obtain naturally a 
new vector bundle ^{E^ ,E"') over M whose fiber at a point x e Mis equal to 

^{EI, . . . , E^). Given a smooth manifold A'^ and a smooth map f : N M, we 
may identify vector bundles f*{d{E\. . . , ^")) and . . . , Given 

vector bundle isomorphisms U : E'- E\ i = 1, . . . ,n, then we obtain a vector 
bundle isomorphism L = ^(T\ . . . , T") from ^{E^, ...,E")to ^{E^, . . . , -E") 
by setting: 

for all xe M. 

We have the following functorial construction for connections. 

Proposition B.9. Given an integer n > 1 and a smooth functor 5 : ^ec " — > ^ec 
then there exists a unique rule that associates to each smooth manifold M, each 

n-tuple of vector bundles {E^, . . . , E^) over M and each n-tuple of connections 
(V\ . . . , V"-) on{E^,..., respectively, a connection V = 5'(V\ . . . , V") on 
^{E^, . . . , E"^) satisfying the following properties: 

(a) (naturality with pull-backs) given smooth manifolds N, M and a smooth 

mapf-.N^M then f* {diV\ V^)) = /*V"); 

(b) (naturality with morphisms) given vector bundle isomorphisms U : E^ ^ 
E^, i = l,...,n,if'V^isa connection on E^ which is U -related with a 
connection V* on & then S'(V^, . . . , V") is ^{L^, L'^)-related with 
^(V\...,V"); 

(c) given connections V* and V* on E^ with V* — V = t\ z = 1, . . . , n, then: 

for all se r(^(S\...,E")); 

(d) (trivial bundle property) If V* is the standard connection of the trivial 
bundle M x Eq then 5^(V^, . . . , V") is the standard connection of the 
trivial bundle M x 'S{Eq, . . . , Eq). 

Let 5^ = ... ,5™) be an m-tuple of functors : gJec " ^ ^ and let 
: QJec "' QJec be a functor; we denote hy & o ^ : QJec " QJec the smooth 
functor defined^ by: 

{&o:S){Vi,...,Vn) = <3{t{V,,...,Vn),...^"'{Vi,...,Vn)), 
for all objects Vi, . . . , of QJec . 

Proposition B.IO. Let ^ = (5^^, . . . be an m-tuple of smooth functors ^ : 
QJec " ^ec and let <S : QJec ™' ^ec be a smooth functor Given vector bundles 
E^, ... , E^ over a smooth manifold M endowed respectively with connections V^, 
. . . , V" then: 

{&o:s){v\---,vn = <3{dHv\...,vn,...,d"'{v\...,vn)- 

We will usually only describe functors on objects; the action of the functor on morphisms should 
be clear. 
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Moreover, if J : ^tc QJec denotes the identity functor of QJec then, given a 
connection V ona vector bundle E, we have: 

a(v) = V. 

Proposition B.ll. Given a smooth functor 5^ : ^ec " ^ec and smooth vector 
bundles tt"^ : —>■ M endowed with connections V*, i = 1, . . . ,n, then the 
curvature tensor of the connection 5^(V^, . . . , V") is given by: 

Ro^iv,w) =d{Rliv,w),. . . ,R^{v,w)), 

for all X G M, v,w E T^M, where denotes the curvature tensor ofV^, i = 
l,...,n. 

Definition B.12. Given a positive integer n and smooth functors ^ : ^ec " — > ^ec 
and : ^ec " ^ec then a smooth natural transformation p from ^ to ^' is a 
rule that associates to each object of QJec " an open subset ^(y^ y^) of 

^{Vi, ... , Vn) and a smooth map: 

PVu...,v„ ■ Avi,...,Vn — ' ^'{Vi, ■■■,Vn) 
such that, given objects (Vi)"^]^, (TVj)"^^ of ^ec" and a morphism (Tj)"^^ from 
to (Wi)JLi then diTi, . . . , r„) carries Ay,,...,y„ to Aw,,...,Wn and the dia- 
gram: 



5(Ti,...,T„) 



5'(Ti,...,T„) 



commutes. 



Given a smooth natural transformation p from 5^ to S^' and given vector bundles 
TT^ : E^ ^ M, i = 1, . . . , we obtain a fiber bundle morphism p^i : A ^ 
, . . . , defined on an open subset A of d{E'^ , . . . , -E") by setting: 

^o; = (P£;i,...,E")x = PEi,...,ES, 

for all X e M. 

Proposition B.13. Given a positive integer n, smooth functors ^ : QJec " — > ^ec , 
^' : ^ec " ^ gJec , a smooth natural transformation pfrom ^ to vector bundles 
TT* : — > M endowed with connections V*, i = 1, . . . ,n, then: 

for all X € M, v G T^jM a«J every smooth section s of^{E^, . . . , E"^) with range 
contained in the domain of pE^ ^n. 

B.2. Example. Let n be a positive integer and consider the smooth functor & : 
QJec " ^ec defined by: 

e{Vi,...,Vn) = Vi®---®Vn. 
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Given vector bundles E^, . . . , over a smooth manifold M then &{E^ , . . . , E") 
is the Whitney sum of E^, E". Let V* be a connection on E\ i = 1, . . . , n. 
For each i = 1, . . . ,n, consider the smooth functor : QJec " —>■ QJec defined by: 

^\Vi,...,Vn)=Vi. 

We have a smooth natural transformation from & to given by: 

p' ■.Vi®---®V„3{vi,...,Vn)> — >VieVi. 
Set V = 6(V^ . . . , V"). Proposition B.13 impUes that: 

Vy{si,...,Sn) = (Visi,...,VX)> 

for all si G r{E^), . . . , G r(S"), ?; G TM. 

B.3, Example. Consider the smooth functors ^ : ^ec ^ ^ec and (5 : ^ec ^ 
^tc defined as follows; let Vi, V2, Wi, W2 be objects of fUec and let Ti : Vi ^ 
Wi, T2 : V2 ^ W2 be isomorphisms. We set: 

mi,V2) = Un{Vi, V2), d{Ti,T2)L = T2 o L o 

0(^1,^2) =Lin(F2*,yi*) e{TuT2)R={T^)-'oR*oT^, 

for L G Lin(Vi, V2), -R G Lin(V'2*, ^i*)- We have a natural transformation p from 
to defined by: 

p : Lin(Fi, Fa) 9 t ^ t* G Lin(y2*, V^*). 

Let E'^ be vector bundles over a smooth manifold M endowed with connec- 
tions and respectively. We denote by V both the connections 5(V^, V^) 
and ®(V\ V^) on the bundles Un{E^,E^) and Lm{{E'^)*, (E^)*) respectively. 
Proposition B.13 tells us that, given a smooth section L of Lin(i?^, E^) then: 

V^L* = (V„L)*, 

for all V G TM. 

B.4. Example. Consider the smooth functor ^ : ^ec Vtc defined as follows; 
let V, W be objects of QJec and letT : V ^ W he m isomorphism. We set: 

^{V) = Bilin(y, V;V)®V®V, 

^{T){B,v,,V2) = {T o BiT-';T-^-),T{v,),T{v2)), 

for every biUnear map B : V x V ^ V and all vi,V2 G V. We have a smooth 
natural transformation p from ^ to the identity functor 3 of QJec defined by: 

p : Bilin(V", F; F) © F e y 9 {B,vi,V2) ' — > B{vi,V2) G V. 

Let be a vector bundle over a smooth manifold M endowed with a connection 
V. We will also denote by V the connection 5^(V) on Biliii(£'. E; E). Proposi- 
tion B.13 tells us that, given a smooth section B of Bilin(i?, i?; £") and smooth 
sections s\, S2 of E then: 

V„(S(si, S2)) = (V^S)(si, S2) + S(V„si, S2) + V„S2), 

for all V G TM. 
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B.5. Example. Consider the smooth functor ^ : ^ec ^ec defined as follows; 
let V, W be objects of QJec and letT : V ^ W he m isomorphism. We set: 

d{V) = Un{V), 

diT)L = ToLoT~^, 

for all L G Lin(F). We have a smooth natural transformation p from ^ to itself 
defined by: 

p : Un{V) D GL(V) 9 L i — > L'^ e Lin(y). 
Let be a vector bundle over a smooth manifold M endowed with a connection 
V. We will also denote by V the connection S^(V) on Lin(£^). Let L be a smooth 
section of Lin(E') such that Lx is an isomorphism of Ex, for all x G M. Proposi- 
tion B.13 tells us that: 

V^(L-i) = -L-\V^L)L-\ 

for all V G TM. 
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